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ABSTRACT

Queuing systems are very popular in modeling service processes in sectors like health
care, banking and telecommunications. Poisson distribution is the dominant
distribution in the study of random arrival processes, but it needs both theoretical
and empirical testing to be more practical. The purpose of the study is to compare the
performance of Poisson distribution to describe the arrival processes in an M/M/1
queuing system both analytically and through simulation. A theoretical model
involving M/M/1 model was coupled with a discrete-event Monte Carlo simulation,
written in R. The exponential distributions based on Poisson assumptions generated
arrival and service processes. The modeling included the time to add a schedule of
events and the elimination of warm-up and repeated runs (n = 10,000). Measures of
performance such as average waiting time (W), length of queue (Lq), and system
utilization (rho) were calculated. The measures of model accuracy were 95%
confidence interval, mean absolute error (MAE) and root mean square error (RMSE).
Theoretical values were found to be in high agreement with simulated results in all
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traffic conditions. The confidence intervals were low and always contained
theoretical estimates, which means high precision. There were low error measures,
which testified to the model accuracy. There were nonlinear increases in system
performance as traffic intensity neared unity with significant increases in waiting
time and queue length. The M/M/1 model using Poisson gives a good reliable and
statistically valid model of arrival processes, although the performance depends
greatly on the utilization of the system.

Keywords: Poisson Distribution, M/M/1 Queueing Model, Monte Carlo Simulation,
Traffic Intensity, Queue Performance Measures

INTRODUCTION

Queues (or waiting lines) occur when the rate at which demands for a service
arrive is temporarily greater than the service rate and are ubiquitous in today's service
and production systems. Queuing Theory is the branch of mathematics that deals with
the study of such systems, offering mathematical models to study congestion, waiting
times and resource allocation. Queues are commonly encountered in practice in areas
like banks, hospitals, call centers, computer networks and transportation (Kushvaha
etal., 2024; A, 2021; Kuzu et al., 2023; Kim & Whitt, 2014). Among the key elements
of a queuing system - arrival process, service process, system capacity and queue
discipline - the arrival process is particularly important as it affects system
performance measures such as the average number of customers in the system, the
average waiting time and server utilization (K & Prabhu, 2025; Therasal &
Thiagarajan, 2024; Kushvaha et al., 2024; Kuzu et al., 2023; Kim & Whitt, 2014; Kempa
& Paprocka, 2022). A good arrival process model helps managers design optimal
service systems, minimize waiting times and optimize resource usage.

One of the most used models for characterizing arrivals in queuing systems is
the Poisson Distribution, which models the probability of a certain number of events
in each time, given randomness and independence. The underlying Poisson process
assumes random, independence and constant average arrival rate, which is a common
feature of many service systems where arrivals are unpredictable (Pankratova et al.,
2022; Daw & Pender, 2018; Albin, 1982). The distribution is widely applied to model
customer arrivals in call centers, banks, hospitals, and telecommunication networks,
and packet arrivals in current Internet of Things (IoT) networks (Kuzu et al., 2023;
Chen et al., 2023; Kim & Whitt, 2014; Heemskerk et al., 2017; Oreshkin et al., 2016;
Bhatt & Sharma, 2022; Ko & Pender, 2018). Its tractability and theoretical tractability
make it a natural choice for deriving analytical results in queuing models, such as its
combination with exponential service times.

The literature shows that Poisson arrivals are the foundation of many
traditional and contemporary queuing models. The basic M/M/1, M/M/%, and M/G/1
queues use Poisson arrivals and exponential service times to yield simple and
insightful results (Kushvaha et al., 2024; Pankratova et al., 2022; K & Prabhu, 2025;
Albin, 1982; Kempa & Paprocka, 2022). These models have been generalised to
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account for a range of practical considerations, such as finite-capacity queues, batch
arrivals and nonhomogeneous (time-varying) arrival rates, particularly in applications
such as call centers and emergency departments, where the arrival rate varies
throughout the day (Therasal & Thiagarajan, 2024; Rahim & Thiagarajan, 2023; Kuzu
et al., 2023; Chen et al., 2023; Yousefi & Pourtaheri, 2024; Kim & Whitt, 2014;
Oreshkin et al., 2016). For example, in the infinite-server queue, the stationary
distribution of the number of customers in the system is often Poisson (Pankratova et
al.,, 2022; Daw & Pender, 2018; Ko & Pender, 2018; Heemskerk et al., 2017).
Moreover, compound Poisson processes or batch-arrival models have also been
proposed to more accurately account for batch or grouped arrivals (Daw & Pender,
2018; Saritha et al., 2020).

While the Poisson distribution is generally applicable to many scenarios,
several studies have highlighted the drawbacks of the Poisson assumption in today's
complex systems. In other cases, other distributions, e.g., gamma, beta, or generalized
exponential distributions, may be more suitable to model the arrival process
(Kushvaha et al., 2024; Bhatt and Sharma, 2022; K and Prabhu, 2025). These studies
indicate that the Poisson model can be analytical and flexible; however, it might not
always be sufficient to address the inherent dependency and unpredictability in the
data. However, it remains a central model in the queuing theory because of its sound
theoretical basis and simplicity. It is often employed as a benchmark to compare with
other (more specific) models of arrivals.

This study is aimed at exploring the role and usage of Poisson-based models in
the queuing theory considering the availability of alternative model types. It's critical
to recognize when the Poisson assumptions don't hold and to comprehend the
situations in which they do. The primary aim of this study is to give a detailed review
of the application of the Poisson distribution in the context of arrival modeling and
its theoretical relevance, usability in the real world, and where, and in what
situations, it would have to be changed or replaced. The research aims to advance our
understanding of arrival process modeling of queuing systems and help researchers
and practitioners to select the most appropriate models to their specific problems by
integrating the traditional theory and current practice.

METHODOLOGY

To gain insight into the effect of the Poisson Distribution on the description
of arrival processes in the context of queuing theory, this paper will take a theoretical
and simulation-based approach. The methodological framework of the research that
establishes and evaluates data under a controlled environment allows conducting a
systematic study of the dynamics of the system without relying on empirical data.
This methodology is consistent with the historical methods of assessment of
theoretical models by simulation, which is the traditional methodology of the
queuing theory.

The arrival processes are created using the Poisson distribution with a rate of
A (average number of arrivals per unit of time). In a specific time frame, the
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probability of k arrivals is:

k! (1)
Based on this ground, inter-arrival periods are modeled using the exponential
distribution, which conceptually is related to the Poisson periods:

—At —At
f(l‘):ﬂ,e 3f(t)=/1e D tZO (2)
These assumptions ensure that the arrivals are independent, random, and with a
constant mean rate over time.

Ale™
P(X =k)=
The second stage involves the classical k! M/M/1 model in the
construction of a queuing model. The model is based on a single-server model where
service times (rate p) are exponentially distributed, and the arrival rate (rate A) is
Poisson distributed. The intensity of traffic in the system, or utilization factor, can be

defined as follows:

A

pP=—

M withp<1 (3)
to ensure system stability.

In the final phase, basic analytical formulas and Little's Law are applied to
evaluate key performance indicators such as average number in the system (L), queue
length (Lq), waiting time in the system (W), and waiting time in queue (Wq).

The average number of customers in system L and in queue Lq are computed as:
2
L= L , Lq = /1—

pu—A4 u(pu—24) (4)

Likewise, the following formula is used to determine the average waiting time in
system W and in the queue Wq:

W = L’ W, = L
u—A p(p—A4) (5)
Little's Law also links these measures as:
L =AW, Lq=AWq (6)

Simulation Design and Implementation

An event-scheduling event-scheduling-based discrete-event simulation in R
was carried out to enhance theoretical analysis. This is where the system state is not
updated at regular time steps but only at the arrival and the departure events.
Exponential distributions were used to generate inter-arrival and service times. The
built-in pseudo-random number generator in R was used to generate random
numbers, and the seed was fixed to make it reproducible. Exponential variates were
generated using the inverse transform method.

The simulation maintains a list of future events and arrival and departure
times. Each step is then implemented with the first step being done and the system
states (length of queue and server status) modified. The pre-warm up was discarded
to eliminate the bias of initializing. All scenarios were run in 10,000-iterations and
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were replicated many times to enable estimates to stabilize.

To quantify the variability and increase the accuracy of the performance
measurement, on each performance measure, 95% confidence intervals were
computed with the help of traditional statistical software.

Monte Carlo Simulation

A Monte Carlo simulation study was conducted using a discrete-event
framework to evaluate the performance of a single-server queuing system under
Poisson arrivals. The arrival process followed a Poisson distribution with rate A, while
service times followed an exponential distribution with rate p. The R implementation
was done in 10,000 iterations per scenario. To be statistically reliable, multiple runs
were averaged, and confidence intervals were determined. Various arrival and service
rate combinations were used to reflect the condition of low, moderate, high and
critical traffic intensity. In each case, the key performance indicators such as the
average waiting time (W), average queue length (Lq), and system utilization (p) were
calculated.

The quantitative comparison of the simulated results with theoretical values
was conducted to assess the accuracy of the model.

Statistical Validation and Error Analysis

A quantitative analysis of simulated and theoretical values was conducted with the

aim of analyzing the accuracy of the simulation model. The following indicators of

error were used:

1. Mean Absolute Error (MAE): Measures average deviation between simulated and
theoretical values.

2. Root Mean Square Error (RMSE): Measures squared deviation and penalizes larger
errors.

It was observed that the values of MAE and RMSE were extremely low in all
scenarios indicating that there is a high level of agreement between the theoretical
and simulation results. The simulated estimates were also provided along with 95%
confidence intervals, which often coincided with the theoretical values. This shows
that the deviations that have been observed are not statistically significant and that
the simulation model is a fair representation of the theoretical M/M/1 system. These
findings affirm that the simulation methodology is correct and valid.

Scenario 1: Low Traffic (A < p, Stable System)

95 95
[v) (o)
N A M |rm |4 % T M |RM
A plp |(Simul | CI | (Theore AE | SE (Simul | CI | (Theore AE | SE
ated) (W | tical) ated) (Lq | tical)
) )
0.3 0.2
0. 1- 0.0 | 0.0 4- 0.0 | 0.0
2|5 40 0.33 0.3 0.33 0 1 0.26 0 0.27 1 1
5) 8)
316(0. | 0.50 (0.4 | 0.50 0.0 {0.0 |0.49 (0.4 1 0.50 0.0 | 0.0
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Note: System performs efficiently, low waiting time.
Scenario 2: Moderate Traffic
95 95
0 0
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Note: Queue starts building, delays increase.
Scenario 3: High Traffic (Near Congestion)
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0) 0)
Note: System becomes highly congested.
Scenario 4: Critical Condition (p — 1)
95 95
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Note: Waiting time explodes as system approaches instability.

The statistical reliability of the estimates is shown by providing all simulated
results with 95% confidence intervals. The confidence intervals of the simulation
are narrow, and the variability of the results is low, and the results are accurate due
to the narrowness of the confidences interval across the scenarios. Moreover, the
low MAE and RMSE values affirm that there is a good consensus on the values of
simulated and theoretical values and that the model is accurate.
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Figure 1: Lq versus p
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Figure 1 and figure 2 represent the graphs of Lq vs p and W vs p respectively.
These graphs clearly illustrate the effect of traffic intensity on system performance in
the M/M/1 queue. In both plots, the performance measures are relatively low and
constant if rho is small, which reflects a good system performance in light traffic
conditions. But with increase of p, average waiting time and queue length start

increasing gradually then increases drastically towards the end where the system is
fully utilized.
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Figure 2: W versus / W versus
The curve becomes highly steep near p—1 indicating that even a slight rise in
the arrival rate close to capacity results in a severe decline in performance.
Specifically, the Lq graph presents an exponential type of growth, demonstrating a
fast queue development during congestion. Both graphs are inclusive and confirm the
theoretical behavior of the system and ensure that Poisson Distribution based arrival
process can be used to estimate the dynamics of congestion in queuing systems.

DISCUSSION

The findings show the performance of the M/M/1 system under different
traffic levels with close correlation between the simulated and theoretical results.
Scenario 1: Low Traffic (A < p, Stable System)

In the low traffic scenario (p = 0.40-0.50), the system is stable and functions
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properly. Mean waiting time (W) is short (0.25-0.50) and the mean queue length (Lq)
is low. The theoretical results are in close agreement with the simulated data with
very low MAE (0.00-0.01) and RMSE (70.01), indicating near-perfect accuracy.
Additionally, the theoretical values are within the confidence intervals (95%) and this
guarantees high level of precision and statistical accuracy. This implies that the system
is efficient and does not cause much delay under circumstances where the capacity of
the system exceeds the demand.

Scenario 2: Medium Traffic

With increased traffic (p = 0.71-0.78), the level of congestion is now moderate.
The mean queue length and waiting time are greater than when there is low traffic
indicating more congestion. The queue length grows more considerably (up to ~2.0),
that is, customer build-up. Nonetheless, the simulation is quite accurate, with low
MAE (0.00-0.05) and RMSE (0.01-0.06). The 95% confidence ranges are closer, and
the theoretical values are still contained in the confidence ranges hence we can say
the simulation remains a good representation of the system. This scenario reflects real
life situations in which there is an approach of congestion in the system and moderate
delays are experienced.

Scenario 3: High Traffic (Near Congestion)

In the high traffic scenario (p = 0.89-0.95), traffic conditions deteriorate
significantly. Waiting time grows exponentially (maximum 2.00), and wait length
grows exponentially (maximum about 19), indicating a great deal of congestion. The
non-linearity of the queuing systems is also evident, whereby slight fluctuations in
rho result in much greater fluctuations in waiting times. Although variability
increases a little (y-axis confidence intervals become wider), the results of simulation
are in close agreement to theoretical estimates. The error values are average (MAE up
to 0.50, RMSE up to 0.60) as would be the case in this scenario (heavy traffic) since it
is highly variable. This illustrates the simulation model is valid under big loads.
Scenario 4: Critical Condition (p — 1)

Waiting time and queue length are large when the system is approaching
instability (p =0.98-0.99), and the theoretical behavior is that delays approach infinity
as utilization goes to 1. Waiting time is significantly large (up to 10) and queue length
is extremely large (up to 100). Confidence intervals also increase as compared to the
prior scenarios, because of more variability in such extreme congestion. Nonetheless,
the outcomes of simulation remain in close correspondence with the expectations of
the theories, with reasonable errors. This shows that the model of the simulation
properly captures the instability of the system and that theoretical output of an
M/M/1 system is correct.

The findings show that there is a common trend in all cases, which is nonlinear
reduction in performance with increase in traffic intensity (p). The 95% confidence
intervals have been used to demonstrate that the results of the simulations are
accurate and precise. The fact that the MAE and RMSE values are low in all the
scenarios indicates that there is good agreement between the simulation and theory,
thus affirming the accuracy of the simulation model and that the Poisson-based
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M/M/1 framework is appropriate.

CONCLUSION

This paper will outline a detailed discussion of the Poisson distribution as a
model of the arrival process in the M/M/1 queuing theory, both in its derivations and
its confirmation using simulations. These findings reveal the elevated degree of
correlation between the simulated and analytical results of the change in the traffic
intensities as evidenced by the low error measures and levels of confidence. These
results verify validity and reliability of Poisson model based in the representation of
stochastic arrival behavior under the normal queuing assumptions.

Among the conclusions is that traffic intensity is an important variable that
affects the performance of the system. Despite the system having high effectiveness,
low utilization implies a gradual, non-linear decrease in the system performance with
a steep rise in the waiting time and queue length as the utilization near capacity level.
This is what the theory of queuing system would predict, and it proves that queuing
systems are sensitive to the rate of change of both the arrival rate and service rate.

There are often complexities of a real-world situation that the Poisson
assumption fails to represent (e.g. time-dependent or correlated arrivals) but it
remains a useful tool in both analysis and model building due to its simplicity. Overall,
the study can be added to the expanded usability of the Poisson-based models as a
reference point in the theory of queues and as an effective tool to investigate the
dynamics of a system and make decisions that can influence resource allocation in
service-intensive settings.
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